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Abstract
In this paper we present a vectorial Darboux transformation, in
terms of ordinary determinants, for the supersymmetric extension of
the Korteweg-de Vries equation proposed by Manin and Radul. It is
shown how this transformation reduces to the Korteweg-de Vries equa-
tion. Soliton type solutions are constructed by dressing the vacuum
and we present some relevant plots.
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1 Introduction
The Korteweg-de Vries (KdV) equation was embedded in a supersymmetric
framework for the first time by Manin and Radul in [14]. Since then a
number of integrable equations have been extended in this way. The role of
the KdV equation and its Virasoro constraints in two dimensional quantum
gravity [4, 6, 7] lead the group of Alvarez-Gaume´ to search for analogous
structures for supersymmetric two dimensional quantum gravity [1, 2]. In
turn, this motivated the study of Virasoro constraints for the supersymmetric
Kadomtsev-Petviashvilii (KP) hierarchies avaliable [13], which is connected
with the study of additional symmetries of these hierarchies [13, 5, 17]. These
results indicated that the supersymmetric extensions of the KdV equation,
in particular the Manin-Radul super KdV (MRSKdV), might be relevant in
the study of susy 2d quantum gravity.
The search of solutions of the Manin-Radul super KP started with the
work of of Radul [16] on algebro-geometric type solutions. Then in [18], from
a Sato Grassmannian approach, the construction of solutions was outlined,
nevertheless one can not find explicit examples in this paper. Recently in [9]
some explicit solutions were obtained.
The MRSKdV system is defined in terms of three independent variables
ϑ, x, t, where ϑ ∈ Ca is an odd supernumber, and x, t ∈ Cc are even super-
numbers, and two dependent variables α(ϑ, x, t), u(ϑ, x, t), where α is an odd
function taking values in Ca and u is even function with values in Cc. A
basic ingredient is a superderivation defined by D := ∂ϑ + ϑ∂x. The system
is
αt =
1
4
(αxxx + 3(αDα)x + 6(αu)x),
ut =
1
4
(uxxx + 6uux + 3αxDu+ 3α(Dux)),
(1)
where we use the notation fx := ∂f/∂x and ft := ∂f/∂t.
The following linear system for the wave function ψ(ϑ, x, t), that takes
values in the Grassmann algebra Λ = Cc ⊕ Ca,
ψxx + αDψ + uψ − λψ = 0,
ψt −
1
2
α(Dψ)x − λψx −
1
2
uψx +
1
4
αxDψ +
1
4
uxψ = 0,
(2)
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where the spectral parameter λ ∈ Cc is an even supernumber, has as its
compatibility condition Eqs. (1), and therefore it can be considered as a Lax
pair for it.
Our aim in this paper is to extend a well known tool, Darboux trans-
formations, in integrable system theory to the supersymmetric case. This
tool is a well established scheme in dealing with integrable equations and
its solutions [15]. Given an integrable equation and its Lax pair the Dar-
boux technique consists of transforming simultaneously both fields and wave
functions. For the KdV equation the Lax pair is essentially the Schro¨dinger
equation, and this was precisely the equation where Darboux developed his
technique. On the one hand, recently one of the authors extended the stan-
dard Darboux transformations to the supersymmetric KdV, [10]. On the
other hand, the other author has been involved recently in generalizing the
standard Darboux techniques to a vectorial Darboux transformation, [8, 12].
In this paper we present a vectorial Darboux transformation for the
MRSKdV, this transformation is represented in terms of ordinary determi-
nants of an even operator. Nevertheless, we do obtain essentially supersym-
metric solutions. Indeed any arbitrary solution can be used as seed solution
to dress, and obtain therefore large families of new solutions having the seed
solution as background.
The layout of the paper is as follows. In §2 we include the main results
of the paper, namely the vectorial Darboux transformation for the MRSKdV
equation (1). There, we also consider the reduction to the KdV equation.
Next, in §3 we study some explicit solutions selected among the large classes
of explicit solutions offered by this method. In particular, we dress the vac-
uum solution to obtain soliton type solutions. Here we also give some plots
showing the behaviour of the field α (as the ones for the u are similar we
do not include them here). We end with some conclusions and remarks in
section 4.
2 Vectorial Darboux transformation
The linear system (2) is of a scalar nature, λ ∈ Cc, ψ(ϑ, x, t) ∈ Λ. Neverthe-
less, it is possible to give a vector extension of these linear problem. Indeed,
we may replace Λ by an arbitrary linear Grassmann space E over Λ and take
b as an E-valued eigenfunction, then the spectral parameter can be taken as
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L ∈ L(E′)⊕ L(E∞), an even operator.
Namely, the linear system
bxx + αDb+ ub− Lb = 0,
bt −
1
2
α(Dbx)− Lbx −
1
2
ubx +
1
4
αxDb+
1
4
uxb = 0,
(3)
has as its compatibility condition the MRSKdV system (1).
Notice that Eqs. (1) is also the compatibility condition of adjoint linear
system:
βxx +D(αβ) + uβ − βM = 0,
βt +
1
2
αDβx − βxM −
1
2
(u+Dα)βx +
1
4
D(αxβ) +
1
4
uxβ = 0,
(4)
where β(ϑ, x, t) ∈ E∗ is a linear function on the supervector space E , and
M ∈ L(E′)⊕ L(E∞).
In order to construct Darboux transformation for these linear systems
we need to introduce an even operator, say V , to this end we assume that
b(ϑ, x, t) ∈ E′ is an even vector and β ∈ E
∗
∞
an odd functional.
Proposition 1 Let b(ϑ, x, t) and β(ϑ, x, t) satisfy Eqs. (3) and (4), respec-
tively. Then, there exists a potential operator V (ϑ, x, t) ∈ L(E′)⊕L(E∞) given
by
DV =b⊗ β,
Vt =LVx + VxM −D(bx ⊗ βx +
1
2
uDV )−
1
4
αxDV
−
1
2
(Db)⊗ ((Dα)β − α(Dβ)) +
1
2
α(b⊗ βx − bx ⊗ β)
(5)
such that
LV − VM = D(bx ⊗ β − b⊗ βx)− αb⊗ β. (6)
Proof: A direct calculation shows that DVt = (DV )t holds. We proceed
by checking that the identity
D (LV − VM −D(bx ⊗ β − b⊗ βx) + αb⊗ β) = 0
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holds. A tedious but straightforward calculation shows
∂t (LV − VM −D(bx ⊗ β − b⊗ βx) + αb⊗ β) = 0.✷
Now, we state the main result of the paper.
Theorem 1 Let b(ϑ, x, t) ∈ E′ be an even vector satisfying Eq. (3), β(ϑ, x, t) ∈
E∗
′
an odd functional solving Eq. (4) and V ∈ L(E′)⊕ L(E∞) a non singular
even operator, det Vbody 6= 0, defined in terms of the compatible Eqs. (5) and
(6). Then, the objects
bˆ := V −1b, βˆ := βV −1, Lˆ := M, Mˆ := L
αˆ = α− 2D3 ln det V,
uˆ = u+ 2αˆD ln det V + 2
(∑
j Dβj det Vj
det V
)
x
,
where Vj is an operator with associated supermatrix obtained from the corre-
sponding one of V by replacing the j-th column by b, satisfy the Eqs. (3) and
(4) whenever the unhatted variables do. Thus, αˆ and uˆ are new solutions of
the MRSKdV (1).
Proof: Is a tedious but straightforward calculation to check that
bˆ = V −1b, βˆ = βV −1, Lˆ = M, Mˆ = L
αˆ = α− 2〈β, V −1b〉x,
uˆ = u+ 2〈Dβ, V −1b〉x + 2α〈β, V
−1b〉+ 2〈β, V −1b〉〈β, V −1b〉x,
satisfy Eqs. (3) and (4). Observe that form DV = b⊗β one has the relation
Tr(DV · V −1) = 〈β, V −1b〉, and therefore
〈β, V −1b〉 = D ln det V,
where we are using standard traces and determinants. Notice also that, using
Cramer’s rule, we have
〈Dβ, V −1b〉 =
∑
j Dβj det Vj
det V
.
These three remarks lead to the desired result. ✷
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Reduction to KdV The MRSKdV system (1) reduces to the KdV equa-
tion when α = 0. Our Darboux transformation is in fact compatible with this
reduction, giving in this manner Darboux transformation for the KdV equa-
tion. To see this let us first note that with the splitting b(ϑ, x, t) = b0(x, t) +
ϑb1(x, t) , β(ϑ, x, t) = β1(x, t)+ϑβ0(x, t) and V (ϑ, x, t) = V0(x, t)+ϑV1(x, t),
Eq. (5) reads
V1 = b0 ⊗ β1, V0x = b1 ⊗ β1 + b0 ⊗ β0
The linear systems (3) and (4) with α = 0 are
bxx + ub = Lb, bt = Lbx +
1
2
ubx −
1
4
uxb
and
βxx + uβ = βM, βt = βxM +
1
2
uβx −
1
4
uxβ
To proceed further, we assume β1 = b1 = 0 so that V1 = 0. Then, our
potential satisfies
V0,x = b0 ⊗ β0,
In this case, our Darboux transformation tells us
αˆ = −2ϑ〈β0, V
−1
0 b0〉x,
uˆ = u+ 2〈β0, V
−1
0 b0〉x
and since αˆDbˆ = 0 we conclude that uˆ satisfies the equations
bˆxx + uˆbˆ− Lˆbˆ = 0,
bˆt − Lˆbˆx −
1
2
uˆbˆx +
1
4
uˆxbˆ = 0,
and therefore is a new solution of the KdV equation. Notice that here we
have a subtle point, observe that αˆ is not zero but in turn does not appear
in the evolution equations because its particular structure.
Observe also that using the formula Tr(V0,x · V
−1
0 ) = (ln det V0)x, the
transformation for field u can be rewritten neatly as
uˆ = u+ 2(ln det V0)xx,
which a standard form for the solutions of the KdV equation [3].
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3 Exact solutions of the MRSKdV
Among the large classes of solutions provided by the just presented vectorial
Darboux transformation, in this section we select some relevant example by
dressing the vacuum solution α = 0, u = 0. In doing so we obtain solutions,
that for simplicity we denote by α, u erasing the hat, of the MRSKdV equa-
tion (1) which can be considered as a superextension of the soliton solutions
of KdV.
Inserting α = u = 0 in the linear systems one gets the equations for b{
bxx = Lb,
bt = Lbx,{
βxx = βM,
βt = βxM
For simplicity we take L,M as diagonal even matrices, L = diag(ℓ21, · · · , ℓ
2
n)
and M = diag(m21, · · · , m
2
n), ℓj, mj ∈ Cc, j = 1, . . . , n. Then, the functions b
and β have the following form:
bi = ci,+ exp(ηi) + ci,− exp(−ηi), βj = κj,+ exp(ξj) + κj,− exp(−ξj)
where ηi(x, t) := ℓi(x+ ℓ
2
i t) and ξj(x, t) := mj(x+m
2
j t).
The operator V , whenever (ℓ2i −m
2
j)body 6= 0 for all i, j, is determined by
the constraint (6), namely
Vij =
1
ℓ2i −m
2
j
Dϕij
where
ϕij =− ℓi(ci,− exp(−ηi)− ci,+ exp(ηi))(κj,− exp(−ξj) + κj,+ exp(ξj))
+mj(ci,− exp(ηi) + ci,+ exp(ηi))(κj,− exp(ξj)− κj,+ exp(ξj))
and ci,± = ci,±(ϑ) and κj,± = κj,±(ϑ).
The expression can be made explicitly by means of substitutions
ci,± = c
0
i,± + ϑc
1
i,±, κj,± = κ
1
j,± + ϑκ
0
j,±,
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where the superfix indicate the parities of the variables.
Indeed, we have
Vij = V
0
ij + ϑV
1
ij
with
V 0ij =
1
ℓi +mj
(
(c0i,+κ
0
j,+ + c
1
i,+κ
1
j,+) exp(ηi + ξj)
− (c1i,−κ
1
j,− + c
0
i,−κ
0
j,−) exp(−ηi − ξj)
)
+
1
ℓi −mj
(
(c1i,+κ
1
j,− + c
0
i,+κ
0
j,−) exp(ηi − ξj)
− (c1i,−κ
1
j,+ + c
0
i,−κ
0
j,+) exp(−(ηi − ξj))
)
and
V 1ij =c
0
i,+κ
1
j,+ exp((ηi + ξj)) + c
0
i,−κ
1
j,− exp(−ηi − ξj)
+ c0i,−κ
1
j,+ exp(−(ηi − ξj)) + c
0
i,+κ
1
j,− exp(ηi − ξj)
As a particular example one can pick bi as above and βj = κ
1
j + ϑκ
0
j ,
which requires mj = 0. In this case, the potential is
Vij =
1
ℓi
(κ0jc
0
i,+ − κ
1
jc
1
i,+) exp(ηj) + (κ
1
jc
1
i,− − κ
0
jc
0
i,−) exp(−ηi)
+ ϑℓiκ
1
j(c
0
i,+ exp(ηi) + c
0
i,− exp(−ηi))
To illustrate this family of solutions we shall consider the simplest case of
a one dimensional space E (for simplicity we omit the index 1 next). Hence,
we have
V =
1
ℓ
((κ0c0+ − κ
1c1+) exp(η) + (κ
1c1
−
− κ0c0
−
) exp(−η)
+ ϑℓκ1(c0+ exp(η) + c
0
−
exp(−η))
To invert the operator V , we have to separate its body from its soul. We
choose the supernumbers κ0, ℓ, c0
±
∈ C to have vanishing soul, so that the
potential operator V takes the following form:
V =
1
ℓ
(Vbody + Vsoul)
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where Vbody := κ
0(c0+ exp(η) − c
0
−
exp(−η)) and Vsoul := κ
1(−c1+ exp(η) +
c1
−
exp(−η) − ϑℓb0), we notice that b = b0 + ϑb1 with b0 = c
0
+ exp(η) +
c0
−
exp(−η) and b1 = c
1
+ exp(η) + c
1
−
exp(−η).
The constitutive elements for our solution are now
〈β, V −1b〉 =ℓβ
b0
Vbody
− 2ϑ
ℓκ0κ1(c0+c
1
−
− c0
−
c1+)
(Vbody)2
,
〈Dβ, V −1b〉 =κ0ℓ
b
Vbody
−
ℓκ0κ1
(Vbody)2
(−c1+c
0
+ exp(2η) + c
1
−
c0
−
exp(−2η)
− c1+c
0
−
+ c1
−
c0+) +
ϑℓκ0κ1
(Vbody)2
(2c1+c
1
−
− ℓb20)
It is easy to see that this solution can be considered as a supersymmetric
extension of the soliton solution of the KdV equation. In fact, the constants
can be chosen in such a way that the functions depending solely on x, t
appearing as multiplicative coefficients are exponentially localized in x and
travel with constant speed. Moreover, the KdV soliton solution appears as a
particular coefficient, (b0/Vbody)x. Thus, our solution can be considered as a
supersymmetric deformation of the standard KdV soliton.
We write α(ϑ, x, t) = β(ϑ)f(x, t)−ϑκ1κ0g(x, t), and we plot the functions
f and g. The function f , which is plotted in Figure 1, is just a KdV 1-soliton
solution while g, plotted in Figure 2, is a exponentially localized regular
solution that travels with constant speed, now its shape is more involved
that in the KdV soliton.
4 Conclusions and remarks
We have constructed a Darboux transformation of a vector nature for the
Manin-Radul supersymmetric KdV system. We have further shown that our
Darboux transformation can be reduced to the KdV equation and is very
effective when exact solutions are needed. The vectorial Darboux transfor-
mation is given in terms of solutions of the Lax pair and its adjoint which
have a well defined and opposite parities. This implies that the Darboux op-
erator is even and that the new solution can be expressed in terms of ordinary
determinants. However, this absence of superdeterminants is not a drawback
because the proposed technique gives an efficient method of construction of
genuine supersymmetric solutions.
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We further remark that the basic Darboux transformations considered in
[10] can be iterated so that the Crum type transformations may be obtained.
In this case, the transformations will be represented in terms of superdeter-
minants of certain super Wronski matrices. This and other related results
will be presented elsewhere, [11].
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List of captions
Figure 1: The function f(x, t) plotted in the x, t plane, is just the standard 1-
soliton of the KdV equation.
Figure 2: The function g(x, t) plotted in the x, t plane, it represents a exponen-
tially localized regular solution in x that travels with constant speed.
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